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periodic solutions

Periodic solutions: key concept in the theory of dynamical
systems.

Poincaré (1881): pioneering work.

Khasminskii: stochastic stability of differential equations.
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periodic solutions

Markov process {X(z),t > 0} is 6-periodic if for any n € N and
any 0 <t <t <--- <ty the joint distribution of

X(t1 + k0),X(t2 + k0), ..., X(t, + k0) is independent of k for

k e NU{0}.

Markovian transition semigroup {P;;} is 6-periodic if
P(s,x,t,A) =P(s+0,x,t+60,A)forany 0 < s <1, x € E and
A € B(E).
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periodic solutions

Probability measures {u,s > 0} on (E, B(E)) is §-periodic w.r.t.
{Ps,} if

ps(A) = /P(s,x,s +0,A)us(dx), VA € B(E), s > 0.
E
Stochastic process {X(t),t > 0} with values in R? or H is a
#-periodic solution of the SDE/SPDE
dX(t) = b(t,X(r))dt + o(t,X(¢))dB(z) + / H(t,X(1—), u)N(dz, du)

J{lu]<1}
+/ G(t,X(r—),u)N(dz, du)
J{lu[>1}

if it is a solution and is #-periodic.
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periodic solutions

Existence of periodic solutions

Krylov-Bogoliubov There exists a #-periodic Markov process
with a given #-periodic transition prob. funct. P(s,x,t,A) if for
some probability measure v on (E, B(E)),

1 T
/ /P(s,x,s+u,-)y(dx)du is tight.
TJo Je

R—o0 T—o0

1 T
E=R?: lim liminfT/ P(s,x,s + u, Bg)du = 0.
0
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periodic solutions

Uniqueness of periodic solutions

Doob Let0 <s <t <1t.If {P,,}is strong Feller at (z,,) and
irreducible at (s, ), then it is regular at (s, #).

If {P,,} is regular at (s,s + @) for any s € [0, §), then there exists
at most one 6-periodic measure.
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periodic solutions

Other definitions of periodic solutions

Deterministic dynamical system ¥ : E — E.

A periodic solution with period 6§ > 0 is a function ¢ : R — E
such that

U, ((s)) =(t+s), Y(Et+60)=1(r), Vs,r€R.
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periodic solutions

Random dynamical system ¥ : E — E over probability space
(Q> J_'-v P7 (QI)IER)-

0, : Q© — Q: measurable P-measure preserving map.
U(0,w)x=x, U(t+s,w) =V (t0w)¥(s,w), VxEE, s,t€R.

Zhao and Zheng (09) A random periodic solution with period

© > 0 is an F-measurable function ¢ : Q x R — E such that

U(t,w)p(s,w) =t +s,0w), P(s+0O,w)=1(s,w), Vs, t €R.
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periodic solutions

Sun and Zheng (20) A weak random periodic solution of ¥ with
period O is a pair of measurable maps ¢ : R x Q — E and
© : Q — (0,00) such that for almost all w € €,

U(t,w)p(s,w) = Y(t+s, Ow), P(s+O(0_w),w) = P(s,w), Vs,t € R.
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hybrid jump diffusions

Regime-switching jump diffusion
E:R?orH.

(X(1), A(r)): Markov process on E x N.

dX(t) = b(t,X(1),A(r))dr + o (2, X(¢), A(r))dB(z)

+ H(t,X(t—), A(t—), u)N(dt, du)
{|u|<1}

+/ G(t,X(t—), A(t—),u)N(dt, du).
{lu|=1}

S e
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hybrid jump diffusions

L= sup Y gj(x) < oo.
x€EE, ieN j£i

Ap(x) =1[0,gu(x)), Ap(x) = [gi(x),qi(x) +g(x)), -,

) Z; 1%s( Z{;‘:l qis(x)> yr .

i, ifre Ay(x),
h(x,i,r) = { 0, otherwise.

dA(r) = /[0 . h(X(t—), A(t—), r)Ny(dt,dr).
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hybrid jump diffusions

Af(t,x,0) == Lif (t,x,0) + Q(x)f (£, x, ) (i).

£lf(7 i i)<t>x)
fi(t,x,0) + {fe(t,x,0),b(2,x,i)) + %trace(a*(t,x, Dfec(t,x,0)o(t,x,1))

+/ (e, x+ H(t,x,iyu), i) — f(t,x,0) — (f(t,x,0), H(t, x, i, u))]v(du)
{ul<1}

+/ Ft,x+ G(t,x,u,i),i) — f(t,x,1)]v(du),
{lu|>1}
and

Q ZQU Z‘XJ f(t7x,i)].

JjeN
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hybrid jump diffusions

Existence and uniqueness of solutions

b+ 6.x,0) = bltxi), i+ 0,x.0) = o(t.x,i),
H(t+0,x,i,u) =H(t,x,i,u), G(t+0,x,i,u) = G(t,x,i,u).

There exists a positive increasing function f on N satisfying
lim; . f(j) = oo and

sup > [F() — £ (D)]gy(x) < oo.

E,ieN "
xek,ic ‘]7£l
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hybrid jump diffusions

SDE case

Al) Foreachie N,

b(-,0,i) ,0(-,0,i) € L*(]0,0); RY), ]£|k<”|]{(,0,hu)ﬁu(du)e L'([0,6); RY).

For each n € N, there exists L,(¢) € L' ([0,0); R ) such that for
anyt€[0,6),i € Nand x,y € RY with |x| V |y| < n,

[b(t,x,1) = b(t,y,i)* < Lu()|x — I,
lo(t,x,8) = (8,3, D) < La()]x — P,

/ (1%, ) — H(2,y, i, )2 (du) < Lo(0)]x — P
{lul<1}
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hybrid jump diffusions

A2) There exist V € C'?(R; x R Ry ) and g € L}, ([0, 00); R)
such that

lim [ inf V(t,x)} = 00,

[x]—o00 | 1€[0,00)
andforany ¢t > 0,i € Nand x € R?
LiV(t,x) < g(t).

Theorem 1

Suppose that assumptions A1 and A2 hold. Then, the hybrid
system has a unique strong solution (X(t), A(t)).
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hybrid jump diffusions

SPDE case (variational approach)
H, U: Hilbert space.

V: reflexive Banach space continuously and densely embedded
into H.

B(t): cylindrical U-valued Wiener process.

N(dt,dz): independent Poisson random measure on Banach
space Z.

dX(r) = b(t,X(t))dt+a(t,X(t))dB(t)+/ H(t,X(¢), u)N(dt, du)
{|u|<1}
G(t,X(t),u)N(dt, du).
o cxm
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hybrid jump diffusions

Suppose there exista > 1,8>0,9 >0, K > 0,7 < %, c >0,
B+2

CelL,’ ([0,0);Ry)andp e L2 (V;Ry) such that for all

loc loc

vi,vo,v € Vandr e [0,0):

(Hemicontinuity) s —y« (b(t,v) + sv2),v)y is continuous on R.
(Local Monotonicity)
2y (b(t,v1) = b(t,v2),vi —va)v + [lo(t,v1) — o (t,v2) 17,
[ M) = H 2@
{lzl<1}

< (K +p(m)lvi — vl
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hybrid jump diffusions

(Coercivity)

20+ (b(t,v), Wy + o6,V By + /{ Gt
zI<

< C(t) =[G + clv]F.
(Growth of b)

bt V[5T < [C) + el (1 + V).

(Growth of ¢ and H)

llor (e, V)IIZ, a1y + /{ - |H(1,v,2)[f(dz) < C(1) + V5 + clvl.
zZI<
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hybrid jump diffusions

(Growth of H in L1?)

42

/ |H(1,v,2)| Pv(dz) < [C0)] 75 + vl ™.
{Ild<1)

(Growth of p)

p(v) < (1 + [VI§)(1 + v]7).
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hybrid jump diffusions

Brzezniak, Liu and Zhu (14) Let T > 0. For any
x € LP2((Q, Fo,P); H), there exists a unique H-valued adapted
cadlag process {X(¢)},c[o,7] such that

lts dr x P-equivalent class X is in L*(]0, T]; V) N L2([0, T; H)
P-a.s..

For any progressively measurable dt x P-version X of X, the
following equality holds P-a.s.:

X(t) = x—|—/0 b(s,Y(s))dH—/o o(s,X(s))dB(s)
+/O /{Z<1}H(S,X(s),z)N(ds,dz)

" /0 /{121} G(s,X(s),2)N(ds, dz).
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Strong Feller and irreducible

Outline

e Strong Feller property and irreducibility
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Strong Feller and irreducible

Kill the process X()(r) with rate ¢;(x) = >, ., ¢;;(x) and obtain a
subprocess X () with generator £ — g;.

Let P() (s, x, -) be the transition probability function of X((z).
Then, for0 <s <1t Be€ B(E)andj €N,

Pls, (v.0).1,8 x {j})
= ;P9 (s,x,1,B)

/ Z / tlﬁ xla]l t,B X {J})qu(xl) (S X, tl,dxl)dtl

*ieN\{i}
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Strong Feller and irreducible
@®00000000

SDE case

SDE case

(A3) (i) b(-,0) ELZ([O 0);R?), (-, 0) €L°°([07 6);RY),
Jiu<ry HC0,u)[Pv(du) € L'([0,0);RY).
(i) For each n € N, there exists L, € L*°([0,0); R ) such that for
any ¢ € [0,0) and x,y € RY with |x| V [y| < n,
[b(t,x) = b(1,y)] < La(r)lx =y, |o(t,x) — a(t,9)]* < Lu(t)|x - yP,
[ )~ B yaPren < L0k - 5P
{lul<1}

(A4) Foranyt € [0,0) and x € RY, Q(t,x) := o(t,x)o (t,x) is
invertible and

sup |07 '(t,x)| < o0, Vne€N.
|x|<n, 1€[0,0)
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Strong Feller and irreducible

O®0000000!

SDE case

Lemma Suppose that (A3) and (A4) hold. Let 7 > 0. Then,
there exists a constant My > 0 such that for all ¢ € B,(R?) and
0<s<t<T,

Mr

HHSDHOOPC*))‘? vx7y€]Rd'

[Es o (Xa(1))] = Esy [p(Xa(1))]] <
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Strong Feller and irreducible
[e]e] le]elelele]e]

SDE case

(Hy) There exists V € C'2(R, x R? R, ) such that

lim [ inf V(t,x)} = 00,
|x]—00 | 2€[0,00)
and

sup  LV(t,x) < oo.
x€R4, 1€[0,00)

Theorem 2

Suppose that (A3), (A4) and (Hy,) hold. Then {P;,} is strong
Feller.
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Strong Feller and irreducible

[e]e]e] lelelele]e]
SDE case

Let f be a function on [0, 00) x R%. For p > 0, define
FP(,x) = f(t,px), 1> 0,x€R?
(H) There exists V € C'2([0,00) x R%; R ) satisfying the

following conditions:

(i

lim [ inf V(t,x)] = 0.

|x| =00 |1€]0,00)
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Strong Feller and irreducible

[ee]ele] Telele]e]
SDE case

(ii) For any p > 1, there exist g, € By, j,(Ry) and

W, (t,x) € Bpioc([0,00) x RY; RY) satisfying for each n € N there
exists R, € L} ([0,00); R.) such that for any ¢ € [0, c0) and

x,y € R4 with |x| v [y| < n,

[W(t,x) = Wo(£,9)]> < Ra(t)|x — yI,
and for r > 0 and x € R?,

LV®P(1,x) < qp(t),

VoR(t,x) < (W,, V.V*P(1, x)).
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Strong Feller and irreducible
[ee]ele]e] lele]le]

SDE case

Theorem 3
Suppose that (A4) and (H) hold. Then {P;,} is irreducible.

Sketch of proof: Let x,y € R? with x # yand 7 > 0. For r € N,
we consider the following SDE:

dX"(t) = [b(t, X" (1)) — rW(t,X"(t) — y)] dt + o (¢, X" (¢))dB(1)

+/{u|<]}H(Z,X'"(t—),Lt)lTl(dt., du) +/{‘ G(t, X" (1—), u)N(dr, dur).

lu|>1}
The generator £V is given by

LY f(t,x) = Lf(t,x) — r(W,, Vf)(t,x).
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Strong Feller and irreducible
O00000e00

SDE case

Ele" V3 (1, X" (1) —

= E[V;"(0,x—y ’v/JWf’V"’ (v, X"(v) — y)dv}
0

wammw)}

< E[V3(0,x—y +]E[ \ V=V (v, X (v) — y) +qp(v)]dv}
ﬁvwmmww]
— BV (0. —y)]+ /0 g,()e"dv.
Hence

E[V;”(O,x —)] I (1—e™") SUPp<y<1 |Q/)(V)‘

e’ r

E[V3*(t,X"(t) = y)] <
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Strong Feller and irreducible

O000000e0
SDE case

Then, for any 0 < a < |x — y|, there exists r, € N such that

P(X"(T) = y| = a)

< P{V3P(T,X™(T) —y) > 1}
< E[V3"(T,X™(T) —y)]
- E[V37(0,x — y)] (1—e ) SUPo<, <7 |90, (V)]
- eral I'q
- 1
5

Define 7¢ := inf{r: |X"“(r)| > K}. There exists K € N such that

]P)(TK < T)

l\.)\*-‘
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Strong Feller and irreducible
O0000000®

SDE case

Define

al(t) = —ra(a(t,X" (1)) [o (8, X" (1)) (o (1, X" (1))~ Wy, (1, X" (1) =),

and

R, = exp < /0 M )dB() — % /0 o |a(v)]2dv> .

By Girsanov’s theorem, under the new probability measure
dQ = RydP, B(t) is still a Brownian motion, and N(dt, du) is a
Poisson random measure with the same compensator v(du)ds.
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Strong Feller and irreducible
@®000000

SPDE case

SPDE case

(N) There exist positive self-adjoint operators {o,} C L,(H)
such thatforalln e N, > 0,v € V with |v|g < n,

o(1,v)[o(t,v)]" = o2
(Lip) Forn € N, there exists C,, > 0 independent of ¢ such that

for all vi,vp eV with |V1|H, ’V2|H <mn,

|o(t,v1) — o (t,v2)llL, ) < Calvi — v2lu-
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Strong Feller and irreducible
O@00000

SPDE case

(D) There exist A € [2,00) N (a — 2,00) and ny € N such that for
n > ny, there exist K, > 0 and §,, > 0, which are independent of
t, such that for all vi,v, € Vand r > 0,

20+ (b(t,v1) = b(t,v2),v1 = va)v + [lo(t,v1) — o (t,v2) |17,
+/ \H(t,v1,2) — H(t,v2,2)|3v(d2)
{ll<1}

< _5n|011_1(vl - V2)|I)}|V1 - V2|]O-117)\ + fnh/] - V2|[2_1.

Suppose that (N), (Lip) and (D) hold. Then {P;,} is strong
Feller.
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Strong Feller and irreducible

0O0e0000
SPDE case

Sketch of proof: Following the papers of F.Y. Wang, W. Liu and
S.Q. Zhang, we consider coupling equations

dX(t) = b(t,X(r))dt + o (1, X(t))dB(t) + /{,|<1}H([’X([)’Z)N(dt’ dz),

dy(t) =b(t,Y(t))dt + o(t,Y(r))dB(t) + /{.|7|<1}H(t’ Y(1),2)N(dt, dz)

7:=1inf{r > 0:|X(¢) — Y(¢)|g = 0}.
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Strong Feller and irreducible
000e000

SPDE case

Define

A ol V)]s, () o (s, P (X(s) — Y(s)
*./o i X(s) — ¥s)I &

R —exp {x g [T O (e O ON) K=Y g

[X(5)=Y ()5

oy [3 pIAT [ (.Y ()] (0 .Y () [0 (5. ¥ ())]%) ™ (X(8) =¥ () [}
- X(5) Y ()1 ds}'
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Strong Feller and irreducible
000000

SPDE case

Through moment estimation, we can show that {E(r)},e[oﬂ iS
cylindrical Wiener process on H under prob. measure
d@ = RTd]P

dy (1) = b(t,Y(1))dt + o (1, Y (1))dB(r) + /{I | }H(z, Y(1),z)N(dt, dz).
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Strong Feller and irreducible
0O0000e0

SPDE case

|Po,1f (x) — Po,zf ()]

[E[f(X7)] — E[f (Ref (Y7))]]

E[f(Yr)(1 = Rr) Lz <] + [E[(f(X7) —f(Y7)) {7573
< floo {EB[I1 = Re|] +P(7 > T)}.

Estimate upper bounds of E[|1 — Rr|] and P(t > T).

P, f is Holder continuous on H for all f € By,(H).
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Strong Feller and irreducible
0O00000e

SPDE case

Suppose that (N) holds and
{ucH:b(t,u) € HNr e |[0,T|} = H. Then {Py,} is irreducible.
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Examples
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0 Examples
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Example 1 (Stochastic Lorenz equation with regime switching)

3
[—a(, A)X) (1) + e, AD) X (D]di + > 0;(1, X (1), Ar))dBj(1)
j=1

+ / Hy (1, X(1—), A(t—), u)N (dr, due)
{lul<1}

dX (1)

n / ' G (1, X (1=, A(1=), )N (dr, di),
{lul>1}

dX, (1)

3
[t AGXL (1) = Xa (1) — Xy (DX (D)t + 3" oy (1, X (1), A1) alBy (1)
j=1

G XG) A=) di)
{lul<1}

+/ Go (1, X(1—), A(1—), )N (dr, du),
{lul>1}

3
Ws() = [=B A3 () + X (X ()]di + D o1, X(1), A1))dB; (1)
j=1

+/ Hy (1, X(1—), A(r—Y, )N (dr, dus)
{lu] <1}

+ / G3(t,X(t—), A(t—), u)N(drt, du).
J{lul =1}
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(%) =0, i —jl >k,
Y € (0, M], 0<|i—j| <k,

inf il X > su (x) L.
xeR3,i>k,i—k<J<i{ql]( ) xeR37i>k7€<jSi+k{q”( )}
Forie N, 1€ [0,6), x € R}, O(1,x) = o(t,x)07 (1, x) is invertible
and

sup |07 (z,x,i)] < 00, VneEN,i€N.
x| <n, 1€[0,0)

For any € > 0 there exists ¢. > 0 such that for any i € N,

otexif+ [ P+ [ (GG Prd)
{lul<1} {

ul =1}

< el +ce.
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Example 2 (Stochastic porous media equation with regime
switching)

D C R?: bounded domain with smooth boundary.

L=—(—Ap)’, ~>d/2.

V=L (Didx) C H = H(D:idx) C V" = (L (D))", r> L.
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U(s) =sls|""!, ®(s)=cs, s€R,c>0.

dX(t) = [LY(X(r))+ ®(X(2))]dt + o(2,X(t), A())dB(r)

- / H(t,X(1), A1), u)N(dt, du)
{Jul<1}

+/ G(t,X(t), A1), u)N(dr, du).
{lu|=1}
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Let A\; < X\ <--- be eigenvalues of —Ap and {¢;} be
corresponding unit eigenfunctions.

|oj(t,x,0) — 0j(t,y,i)| < clx —y|, Vx,y € H'(D;dx),1 € [0,0),i € N,

inf oj(t,x,i) >0, VR >0,
[x|<R, €[0,0), ijeN

o(t,x,i)e; = oj(t,x,1)j 7/ ej,  j> 1.
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0< inf g0} < sup P0gi(x)} < 00, §>0.
N N

For any ¢ > 0 there exists ¢. > 0 such that for any i € N,

[ xiwPr@+ [ (G
J{|ul<1} S{{u|>1}

< elaf 4 ce.
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The hybrid system has a unique 6-periodic solution (X(¢), A(z)).

{Ps,} is strong Feller and irreducible.

Let 1(A) = P{(X(s), A(s)) € A}. Then, for any s > 0 and
© € L*(E x N; i),

n

1
lim =Y P, 0= pdiy in L*(E x N 11y).
ggm; 5,5+i0P /Estu Lhs ( s )
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