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Periodic solutions: key concept in the theory of dynamical
systems.

Poincaré (1881): pioneering work.

Khasminskii: stochastic stability of differential equations.
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Markov process {X(t), t ≥ 0} is θ-periodic if for any n ∈ N and
any 0 ≤ t1 < t2 < · · · < tn, the joint distribution of
X(t1 + kθ),X(t2 + kθ), . . . ,X(tn + kθ) is independent of k for
k ∈ N ∪ {0}.

Markovian transition semigroup {Ps,t} is θ-periodic if
P(s, x, t,A) = P(s + θ, x, t + θ,A) for any 0 ≤ s < t, x ∈ E and
A ∈ B(E).
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Probability measures {µs, s ≥ 0} on (E,B(E)) is θ-periodic w.r.t.
{Ps,t} if

µs(A) =

∫
E

P(s, x, s + θ,A)µs(dx), ∀A ∈ B(E), s ≥ 0.

Stochastic process {X(t), t ≥ 0} with values in Rd or H is a
θ-periodic solution of the SDE/SPDE

dX(t) = b(t,X(t))dt + σ(t,X(t))dB(t) +

∫
{|u|<1}

H(t,X(t−), u)Ñ(dt, du)

+

∫
{|u|≥1}

G(t,X(t−), u)N(dt, du)

if it is a solution and is θ-periodic.
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Existence of periodic solutions

Krylov-Bogoliubov There exists a θ-periodic Markov process
with a given θ-periodic transition prob. funct. P(s, x, t,A) if for
some probability measure ν on (E,B(E)),

1
T

∫ T

0

∫
E

P(s, x, s + u, ·)ν(dx)du is tight.

E = Rd : lim
R→∞

lim inf
T→∞

1
T

∫ T

0
P(s, x, s + u,Bc

R)du = 0.
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Uniqueness of periodic solutions

Doob Let 0 ≤ s < t < t1. If {Ps,t} is strong Feller at (t, t1) and
irreducible at (s, t), then it is regular at (s, t1).

If {Ps,t} is regular at (s, s + θ) for any s ∈ [0, θ), then there exists
at most one θ-periodic measure.
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Other definitions of periodic solutions

Deterministic dynamical system Ψ : E → E.

A periodic solution with period θ > 0 is a function ψ : R→ E
such that

Ψt(ψ(s)) = ψ(t + s), ψ(t + θ) = ψ(t), ∀s, t ∈ R.
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Random dynamical system Ψ : E → E over probability space
(Ω,F ,P, (θt)t∈R).

θt : Ω→ Ω: measurable P-measure preserving map.

Ψ(0, ω)x = x, Ψ(t + s, ω) = Ψ(t, θsω)Ψ(s, ω), ∀x ∈ E, s, t ∈ R.

Zhao and Zheng (09) A random periodic solution with period
Θ > 0 is an F-measurable function ψ : Ω× R→ E such that

Ψ(t, ω)ψ(s, ω) = ψ(t + s, θtω), ψ(s + Θ, ω) = ψ(s, ω), ∀s, t ∈ R.
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Sun and Zheng (20) A weak random periodic solution of Ψ with
period Θ is a pair of measurable maps ψ : R× Ω→ E and
Θ : Ω→ (0,∞) such that for almost all ω ∈ Ω,

Ψ(t, ω)ψ(s, ω) = ψ(t+s, θtω), ψ(s+Θ(θ−sω), ω) = ψ(s, ω), ∀s, t ∈ R.
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Regime-switching jump diffusion

E: Rd or H.

(X(t),Λ(t)): Markov process on E × N.

dX(t) = b(t,X(t),Λ(t))dt + σ(t,X(t),Λ(t))dB(t)

+

∫
{|u|<1}

H(t,X(t−),Λ(t−), u)Ñ(dt, du)

+

∫
{|u|≥1}

G(t,X(t−),Λ(t−), u)N(dt, du).

P{Λ(t + ∆) = j|Λ(t) = i,X(t) = x} =

{
qij(x)∆ + o(∆), i 6= j,
1 + qij(x)∆ + o(∆), i = j.
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L = sup
x∈E, i∈N

∑
j 6=i

qij(x) <∞.

∆i1(x) = [0, qi1(x)), ∆i2(x) = [qi1(x), qi1(x) + qi2(x)), · · · ,

∆ij(x) =
[∑j−1

s=1 qis(x),
∑j

s=1 qis(x)
)
, · · · .

h(x, i, r) =

{
j− i, if r ∈ ∆ij(x),
0, otherwise.

dΛ(t) =

∫
[0,L]

h(X(t−),Λ(t−), r)N1(dt, dr).
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Af (t, x, i) := Lif (t, x, i) + Q(x)f (t, x, ·)(i).

Lif (·, ·, i)(t, x)

= ft(t, x, i) + 〈fx(t, x, i), b(t, x, i)〉+
1
2

trace(σ∗(t, x, i)fxx(t, x, i)σ(t, x, i))

+

∫
{|u|<1}

[f (t, x + H(t, x, i, u), i)− f (t, x, i)− 〈fx(t, x, i),H(t, x, i, u)〉]ν(du)

+

∫
{|u|≥1}

[f (t, x + G(t, x, u, i), i)− f (t, x, i)]ν(du),

and

Q(x)f (t, x, ·)(i) =
∑
j∈N

qij(x)[f (t, x, j)− f (t, x, i)].
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Existence and uniqueness of solutions

b(t + θ, x, i) = b(t, x, i), σ(t + θ, x, i) = σ(t, x, i),

H(t + θ, x, i, u) = H(t, x, i, u), G(t + θ, x, i, u) = G(t, x, i, u).

There exists a positive increasing function f on N satisfying
limj→∞ f (j) =∞ and

sup
x∈E, i∈N

∑
j 6=i

[f (j)− f (i)]qij(x) <∞.
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SDE case

A1) For each i ∈ N,

b(·, 0, i) , σ(·, 0, i) ∈ L2([0, θ);Rd),

∫
{|u|<1}

|H(·, 0, i, u)|2ν(du) ∈ L1([0, θ);Rd).

For each n ∈ N, there exists Ln(t) ∈ L1([0, θ);R+) such that for
any t ∈ [0, θ), i ∈ N and x, y ∈ Rd with |x| ∨ |y| ≤ n,

|b(t, x, i)− b(t, y, i)|2 ≤ Ln(t)|x− y|2,
|σ(t, x, i)− σ(t, y, i)|2 ≤ Ln(t)|x− y|2,∫
{|u|<1}

|H(t, x, i, u)− H(t, y, i, u)|2ν(du) ≤ Ln(t)|x− y|2.
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A2) There exist V ∈ C1,2(R+ × Rd;R+) and g ∈ L1
loc([0,∞);R)

such that

lim
|x|→∞

[
inf

t∈[0,∞)
V(t, x)

]
=∞,

and for any t ≥ 0, i ∈ N and x ∈ Rd

LiV(t, x) ≤ g(t).

Theorem 1
Suppose that assumptions A1 and A2 hold. Then, the hybrid
system has a unique strong solution (X(t),Λ(t)).
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SPDE case (variational approach)

H, U: Hilbert space.

V: reflexive Banach space continuously and densely embedded
into H.

B(t): cylindrical U-valued Wiener process.

N(dt, dz): independent Poisson random measure on Banach
space Z.

dX(t) = b(t,X(t))dt + σ(t,X(t))dB(t) +

∫
{|u|<1}

H(t,X(t), u)Ñ(dt, du)

+

∫
{|u|≥1}

G(t,X(t), u)N(dt, du).
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Suppose there exist α > 1, β ≥ 0, ϑ > 0, K > 0, γ < ϑ
2β , c > 0,

C ∈ L
β+2

2
loc ([0, θ);R+) and ρ ∈ L∞loc(V;R+) such that for all

v1, v2, v ∈ V and t ∈ [0, θ):

(Hemicontinuity) s 7→V∗ 〈b(t, v1 + sv2), v〉V is continuous on R.

(Local Monotonicity)

2V∗〈b(t, v1)− b(t, v2), v1 − v2〉V + ‖σ(t, v1)− σ(t, v2)‖2
L2(H)

+

∫
{|z|<1}

|H(t, v1, z)− H(t, v2, z)|2Hν(dz)

≤ (K + ρ(v2))|v1 − v2|2H.
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(Coercivity)

2V∗〈b(t, v), v〉V + ‖σ(t, v)‖2
L2(H) +

∫
{|z|<1}

|H(t, v, z)|2Hν(dz)

≤ C(t)− ϑ|v|αV + c|v|2H.

(Growth of b)

|b(t, v)|
α
α−1
V∗ ≤ [C(t) + c|v|αV ](1 + |v|βH).

(Growth of σ and H)

‖σ(t, v)‖2
L2(H) +

∫
{|z|<1}

|H(t, v, z)|2Hν(dz) ≤ C(t) + γ|v|αV + c|v|2H.
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(Growth of H in Lβ+2)∫
{|z|<1}

|H(t, v, z)|β+2
H ν(dz) ≤ [C(t)]

β+2
2 + c|v|β+2

H .

(Growth of ρ)

ρ(v) ≤ c(1 + |v|αV )(1 + |v|βH).
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Brzeźniak, Liu and Zhu (14) Let T > 0. For any
x ∈ Lβ+2((Ω,F0,P); H), there exists a unique H-valued adapted
cadlag process {X(t)}t∈[0,T] such that

Its dt × P-equivalent class X̂ is in Lα([0,T]; V) ∩ L2([0,T]; H)
P-a.s..

For any progressively measurable dt × P-version X of X̂, the
following equality holds P-a.s.:

X(t) = x +

∫ t

0
b(s,X(s))dt +

∫ t

0
σ(s,X(s))dB(s)

+

∫ t

0

∫
{|z|<1}

H(s,X(s), z)Ñ(ds, dz)

+

∫ t

0

∫
{|z|≥1}

G(s,X(s), z)N(ds, dz).
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Kill the process X(i)(t) with rate qi(x) =
∑

j 6=i qij(x) and obtain a
subprocess X̃(i)(t) with generator L − qi.

Let P̃(i)(s, x, ·) be the transition probability function of X̃(i)(t).
Then, for 0 ≤ s < t, B ∈ B(E) and j ∈ N,

P(s, (x, i), t,B× {j})
= δijP̃(i)(s, x, t,B)

+

∫ t

s

∑
j1∈N\{i}

∫
E

P(t1, (x1, j1), t,B× {j})qij1(x1)P̃(i)(s, x, t1, dx1)dt1.
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SDE case

SDE case

(A3) (i) b(·, 0) ∈ L2([0, θ);Rd), σ(·, 0) ∈ L∞([0, θ);Rd),∫
{|u|<1} |H(·, 0, u)|2ν(du) ∈ L1([0, θ);Rd).

(ii) For each n ∈ N, there exists Ln ∈ L∞([0, θ);R+) such that for
any t ∈ [0, θ) and x, y ∈ Rd with |x| ∨ |y| ≤ n,

|b(t, x)− b(t, y)|2 ≤ Ln(t)|x− y|2, |σ(t, x)− σ(t, y)|2 ≤ Ln(t)|x− y|2,∫
{|u|<1}

|H(t, x, u)− H(t, y, u)|2ν(du) ≤ Ln(t)|x− y|2.

(A4) For any t ∈ [0, θ) and x ∈ Rd, Q(t, x) := σ(t, x)σT(t, x) is
invertible and

sup
|x|≤n, t∈[0,θ)

|Q−1(t, x)| <∞, ∀n ∈ N.
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SDE case

Lemma Suppose that (A3) and (A4) hold. Let T > 0. Then,
there exists a constant MT > 0 such that for all ϕ ∈ Bb(Rd) and
0 ≤ s < t ≤ T,

|Es,x[ϕ(Xn(t))]− Es,y[ϕ(Xn(t))]| ≤ MT√
t − s

‖ϕ‖∞|x− y|, ∀x, y ∈ Rd.
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SDE case

(Hw) There exists V ∈ C1,2(R+ × Rd,R+) such that

lim
|x|→∞

[
inf

t∈[0,∞)
V(t, x)

]
=∞,

and
sup

x∈Rd, t∈[0,∞)

LV(t, x) <∞.

Theorem 2
Suppose that (A3), (A4) and (Hw) hold. Then {Ps,t} is strong
Feller.
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SDE case

Let f be a function on [0,∞)× Rd. For ρ > 0, define

f •ρ(t, x) = f (t, ρx), t ≥ 0, x ∈ Rd.

(H) There exists V ∈ C1,2([0,∞)× Rd;R+) satisfying the
following conditions:
(i)

lim
|x|→∞

[
inf

t∈[0,∞)
V(t, x)

]
=∞.
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SDE case

(ii) For any ρ ≥ 1, there exist qρ ∈ Bb,loc(R+) and
Wρ(t, x) ∈ Bb,loc([0,∞)× Rd;Rd) satisfying for each n ∈ N there
exists Rn ∈ L1

loc([0,∞);R+) such that for any t ∈ [0,∞) and
x, y ∈ Rd with |x| ∨ |y| ≤ n,

|Wρ(t, x)−Wρ(t, y)|2 ≤ Rn(t)|x− y|2,

and for t ≥ 0 and x ∈ Rd,

LV•ρ(t, x) ≤ qρ(t),

V•ρ(t, x) ≤ 〈Wρ,∇xV•ρ(t, x)〉.
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SDE case

Theorem 3
Suppose that (A4) and (H) hold. Then {Ps,t} is irreducible.

Sketch of proof: Let x, y ∈ Rd with x 6= y and T > 0. For r ∈ N,
we consider the following SDE:

dXr(t) = [b(t,Xr(t))− rW(t,Xr(t)− y)] dt + σ(t,Xr(t))dB(t)

+

∫
{|u|<1}

H(t,Xr(t−), u)Ñ(dt, du) +

∫
{|u|≥1}

G(t,Xr(t−), u)N(dt, du).

The generator LW is given by

LWρ f (t, x) = Lf (t, x)− r〈Wρ,∇xf 〉(t, x).
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SDE case

E[ertV•ρ3 (t,Xr(t)− y)]

= E[V•ρ3 (0, x− y)] + E
[∫ t

0
ervLWρV•ρ3 (v,Xr(v)− y)dv

]
+E

[∫ t

0
rervV•ρ3 (s,Xr(v)− y)dv

]
≤ E[V•ρ3 (0, x− y)] + E

[∫ t

0
erv[−rV•ρ3 (v,Xr(v)− y) + qρ(v)]dv

]
+E

[∫ t

0
rervV•ρ3 (v,Xr(v)− y)dv

]
= E[V•ρ3 (0, x− y))] +

∫ t

0
qρ(v)ervdv.

Hence

E[V•ρ3 (t,Xr(t)− y)] ≤
E[V•ρ3 (0, x− y)]

ert +
(1− e−rt) sup0≤v≤T |qρ(v)|

r
.
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SDE case

Then, for any 0 < a < |x− y|, there exists ra ∈ N such that

P(|Xra(T)− y| ≥ a)

≤ P{V•ρa
3 (T,Xra(T)− y) ≥ 1}

≤ E[V•ρa
3 (T,Xra(T)− y)]

≤
E[V•ρa

3 (0, x− y)]

eraT +
(1− e−raT) sup0≤v≤T |qρa(v)|

ra

<
1
2
.

Define τK := inf{t : |Xra(t)| ≥ K}. There exists K ∈ N such that

P(τK ≤ T) <
1
2
.
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SDE case

Define

α(t) := −ra(σ(t,Xra(t)))T [σ(t,Xra(t))(σ(t,Xra(t)))∗]−1Wρa(t,Xra(t)−y),

B̃(t) := B(t) +

∫ t∧τK

0
α(v)dv,

and

Rt = exp
(∫ t∧τK

0
α(v)dB(v)− 1

2

∫ t∧τK

0
|α(v)|2dv

)
.

By Girsanov’s theorem, under the new probability measure
dQ = RTdP, B̃(t) is still a Brownian motion, and N(dt, du) is a
Poisson random measure with the same compensator ν(du)dt.

Wei Sun Concordia University

Periodic solutions of SDEs/SPDEs



periodic solutions hybrid jump diffusions Strong Feller and irreducible Examples

SPDE case

SPDE case

(N) There exist positive self-adjoint operators {σn} ⊂ L2(H)
such that for all n ∈ N, t ≥ 0, v ∈ V with |v|H ≤ n,

σ(t, v)[σ(t, v)]∗ ≥ σ2
n.

(Lip) For n ∈ N, there exists Cn > 0 independent of t such that
for all v1, v2 ∈ V with |v1|H, |v2|H ≤ n,

‖σ(t, v1)− σ(t, v2)‖L2(H) ≤ Cn|v1 − v2|H.
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SPDE case

(D) There exist λ ∈ [2,∞) ∩ (α− 2,∞) and n0 ∈ N such that for
n ≥ n0, there exist K̃n ≥ 0 and δn > 0, which are independent of
t, such that for all v1, v2 ∈ V and t ≥ 0,

2V∗〈b(t, v1)− b(t, v2), v1 − v2〉V + ‖σ(t, v1)− σ(t, v2)‖2
L2(H)

+

∫
{|z|<1}

|H(t, v1, z)− H(t, v2, z)|2Hν(dz)

≤ −δn|σn
−1(v1 − v2)|λH|v1 − v2|α−λH + K̃n|v1 − v2|2H.

Theorem 4
Suppose that (N), (Lip) and (D) hold. Then {Ps,t} is strong
Feller.
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SPDE case

Sketch of proof: Following the papers of F.Y. Wang, W. Liu and
S.Q. Zhang, we consider coupling equations

dX(t) = b(t,X(t))dt + σ(t,X(t))dB(t) +

∫
{|z|<1}

H(t,X(t), z)Ñ(dt, dz),

dY(t) = b(t,Y(t))dt + σ(t,Y(t))dB(t) +

∫
{|z|<1}

H(t,Y(t), z)Ñ(dt, dz)

−|x− y|α
′

H
X(t)− Y(t)
|X(t)− Y(t)|εH

dt.

τ := inf{t > 0 : |X(t)− Y(t)|H = 0}.
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SPDE case

Define

B̃(t) = B(t)

+

∫ t∧τ

0
|x− y|α

′

H
[σ(s,Y(s))]∗(σ(s,Y(s))[σ(s,Y(s))]∗)−1(X(s)− Y(s))

|X(s)− Y(s)|εH
ds,

Rt = exp
{
|x− y|α′H

∫ t∧τ
0

[σ(s,Y(s))]∗(σ(s,Y(s))[σ(s,Y(s))]∗)−1(X(s)−Y(s))
|X(s)−Y(s)|εH

dB(s)

− |x−y|2α
′

H
2

∫ t∧τ
0

|[σ(s,Y(s))]∗(σ(s,Y(s))[σ(s,Y(s))]∗)−1(X(s)−Y(s))|2H
|X(s)−Y(s)|2εH

ds
}
.
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SPDE case

Through moment estimation, we can show that {B̃(t)}t∈[0,T] is
cylindrical Wiener process on H under prob. measure
dQ = RTdP.

dY(t) = b(t,Y(t))dt + σ(t,Y(t))dB̃(t) +

∫
{|z|<1}

H(t,Y(t), z)Ñ(dt, dz).
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SPDE case

|P0,T f (x)− P0,T f (y)|
= |E[f (XT)]− E[f (RT f (YT))]|
= |E[f (YT)(1− RT)1{τ<T}]|+ |E[(f (XT)− f (YT))1{τ≥T}|
≤ |f |∞ {E[|1− RT |] + P(τ ≥ T)} .

Estimate upper bounds of E[|1− RT |] and P(τ ≥ T).

Ps,tf is Hölder continuous on H for all f ∈ Bb(H).
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SPDE case

Theorem 5
Suppose that (N) holds and

{u ∈ H : b(t, u) ∈ H, ∀t ∈ [0,T]} = H. Then {Ps,t} is irreducible.
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Example 1 (Stochastic Lorenz equation with regime switching)

dX1(t) = [−α(t,Λ(t))X1(t) + α(t,Λ(t))X2(t)]dt +
3∑

j=1

σ1j(t, X(t),Λ(t))dBj(t)

+

∫
{|u|<1}

H1(t, X(t−),Λ(t−), u)Ñ(dt, du)

+

∫
{|u|≥1}

G1(t, X(t−),Λ(t−), u)N(dt, du),

dX2(t) = [µ(t,Λ(t))X1(t) − X2(t) − X1(t)X3(t)]dt +
3∑

j=1

σ2j(t, X(t),Λ(t))dBj(t)

+

∫
{|u|<1}

H2(t, X(t−),Λ(t−), u)Ñ(dt, du)

+

∫
{|u|≥1}

G2(t, X(t−),Λ(t−), u)N(dt, du),

dX3(t) = [−β(t,Λ(t))X3(t) + X1(t)X2(t)]dt +
3∑

j=1

σ3j(t, X(t),Λ(t))dBj(t)

+

∫
{|u|<1}

H3(t, X(t−),Λ(t−), u)Ñ(dt, du)

+

∫
{|u|≥1}

G3(t, X(t−),Λ(t−), u)N(dt, du).
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qij(x)

{
= 0, |i− j| > k,
∈ (0,M], 0 < |i− j| ≤ k,

inf
x∈R3, i>k, i−k≤j<i

{qij(x)} > sup
x∈R3, i>k, i<j≤i+k

{qij(x)}.

For i ∈ N, t ∈ [0, θ), x ∈ R3, Q(t, x) = σ(t, x)σT(t, x) is invertible
and

sup
|x|≤n, t∈[0,θ)

|Q−1(t, x, i)| <∞, ∀n ∈ N, i ∈ N.

For any ε > 0 there exists cε > 0 such that for any i ∈ N,

|σ(t, x, i)|2 +

∫
{|u|<1}

|H(t, x, i, u)|2ν(du) +

∫
{|u|≥1}

|G(s, x, i, u)|2ν(du)

≤ ε|x|2 + cε.
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Example 2 (Stochastic porous media equation with regime
switching)

D ⊂ Rd: bounded domain with smooth boundary.

L = −(−∆D)γ , γ > d/2.

V = Lr+1(D; dx) ⊂ H = Hγ(D; dx) ⊂ V∗ = (Lr+1(D; dx))∗, r > 1.
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Ψ(s) = s|s|r−1, Φ(s) = cs, s ∈ R, c ≥ 0.

dX(t) = [LΨ(X(t)) + Φ(X(t))] dt + σ(t,X(t),Λ(t))dB(t)

+

∫
{|u|<1}

H(t,X(t),Λ(t), u)Ñ(dt, du)

+

∫
{|u|≥1}

G(t,X(t),Λ(t), u)N(dt, du).
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Let λ1 ≤ λ2 ≤ · · · be eigenvalues of −∆D and {ei} be
corresponding unit eigenfunctions.

|σj(t, x, i)− σj(t, y, i)| ≤ c|x− y|, ∀x, y ∈ Hγ(D; dx), t ∈ [0, θ), i ∈ N,

inf
|x|≤R, t∈[0,θ), i,j∈N

σj(t, x, i) > 0, ∀R > 0,

σ(t, x, i)ej = σj(t, x, i)j−γ/dej, j ≥ 1.
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0 < inf
x∈Hγ(D;dx), j 6=i

{j1+δqij(x)} < sup
x∈Hγ(D;dx), j 6=i

{j1+δqij(x)} <∞, δ > 0.

For any ε > 0 there exists cε > 0 such that for any i ∈ N,∫
{|u|<1}

|H(t, x, i, u)|2ν(du) +

∫
{|u|≥1}

|G(s, x, i, u)|2ν(du)

≤ ε|x|2 + cε.
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The hybrid system has a unique θ-periodic solution (X(t),Λ(t)).

{Ps,t} is strong Feller and irreducible.

Let µs(A) = P{(X(s),Λ(s)) ∈ A}. Then, for any s ≥ 0 and
ϕ ∈ L2(E × N;µs),

lim
n→∞

1
n

n∑
i=1

Ps,s+iθϕ =

∫
E×N

ϕdµs in L2(E × N;µs).
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